Properties of Particles Obeying Ambiguous Statistics 
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A new class of identical particles which may exhibit both Bose and Fermi statistics with respective 
probabilities pb and p/ is introduced. Such an uncertainity may be either an intrinsic property of a 
particle or can be viewed as an "experimental uncertainity" . Statistical equivalence of such particles 
and particles obeying parastatistics of infinite order is shown. Generalized statistical distributions 
are derived and statistical and thermodynamical properties of an ideal gas of the particles are 
investigated. The physical nature of such particles and the implications of this investigation for the 
statistics of extremal black holes are discussed. 
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Historically, the first attempt to generalize quantum 
Bose and Fermi statistics was made by Gentile who 
proposed statistics in which up to k particles are allowed 
to occupy a single quantum state (instead of one for 
Fermi and infinitely many for Bose cases). Further gener- 
alizations were mostly on deformations of commutation 
relations for particle creation and annihilation operators 
[^|~^. A special case (the so called "infinite" statistics) 
is rather interesting in that the particles which obey this 
statistics have nonnegative square norms ^ for \q\^ < 1, 
while the observables have nonlocal properties. The com- 
mutation relations are simply 



a, a: 



qa-a^ 



(1) 



where q is either a real or complex parameter, aj and aj 
are the particle creation and annihilation operators, and 
dij is the Kronecker's delta. Stimulated by recent exper- 
imental observation of the fractional quantum Hall effect 
[0 in a two-dimensional electron gas, various nontradi- 
tional statistics have been proposed ||8|-|ll|] . Most of them 
are based on generalizations of particle wave-function 
permutation symmetries. The concept of anyons, which 
are charge carriers in the fractional quantum Hall effect, 
is essentially two-dimensional However, in the strong 
magnetic field with fluxes antiparallel to the ambient field 
and in the lowest Landau level, anyons are shown [T2| to 
obey the one-dimensional (though valid in any dimen- 
sions) Haldane's exclusion principle At last, the 
equivalence of the anyon statistics (in the above case) 
and q-on statistics, Eq. (|l|), with q = e'"^ {a is the me- 
assure of Haldane's/Pauli blocking and an is exactly the 
wave-function phase-shift due to permutation of any two 
particles) was proven via the properties of the iV- 
anyon permutation group. 

Statistical and thermodynamical properties of systems 
of particles obeying fractional statistics (i.e., complex q 
such as Igp = 1) were extensively studied in the last sev- 
eral years [|l0|,^2|jl^] , whereas these properties of parti- 
cles with real q, —I < q < 1, were not investigated (with 
some special exceptions p^ , p^ ). One should mention a 
special case of the infinite statistics [H with q = which 



was suggested |^ to be equivalent to the statistics of non- 
identical particles (quantum Boltzmann statistics). One 
should note here that it was also recently suggested 0] 
that extremal black holes should obey such a statistics. 
This issue will be discussed below. 

In this work we investigate a system of particles obey- 
ing ambiguous statistics which are (statistically) equiv- 
alent to those obeying the g-deformed statistics of real 
q. The partition function of a free gas of such particles, 
however, differs from that of a free g-on gas. The last 
is shown jl^ to be independent of the deformation pa- 
rameter q. In fact, the second quantized approach used 
in jl^] does not take into account the dynamics of the 
internal degrees of freedom. Thus, the q-ons are always 
distinguishable particles. Our model, however, is (prob- 
ably) identical to the case when the internal degrees of 
freedom are in the thermodynamic equilibrium with the 
external degrees of freedom (at least for q — 0), and thus 
the particles are not completely distinguishable. (Note, 
the particles are indistinguishable provided they are in 
the same internal state, even if they have infinite number 
of internal degrees of freedom.) Consequently, the quan- 
tum Boltzmann distribution {q — 0) is different from the 
classical Boltzmann. 

Unlike the theories mentioned above, we admit only 
"primary" Bose-Einstein and Fermi-Dirac statistics as 
existing. Assume now that a particle is neither a pure bo- 
son or pure fermion. Let another particle, which interacts 
with the first one, plays a role of an external observer. 
During the interaction, it performs a measurement at 
the first particle and identifies it as either a boson or a 
fermion with respective probabilities pb and p f . Accord- 
ing to the result of this measurement, it interacts with the 
first particle as if the last is a boson or fermion, respec- 
tively. The first particle, of course, is the observer for the 
second particle, thus the process is symmetric. Note, that 
Pb+Pf is not necessarily equal to one, and if not, it means 
that the second particle (observer) does not detect the 
first particle. The probability of this is 1 —pb —pf. The 
"statistical unsertainity" introduced above may be either 
the intrinsic property of a particle itself or the "experi- 
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mental unsertainity" of the meassurement process. This 
concept of "imperfect measurement" is similar to that 
proposed in order to resolve the causality paradox in su- 
perluminal particle (tachyon) systems [T^ . This model 
can be interpreted in another manner. Assume a parti- 
cle can oscillate between two types of statistics, then the 
model we propose represents a system of such particles 
averaged over time-scales much larger than the oscillation 
period. The probabilities ph and p/, thus, are those por- 
tions of time during which a particle resides in a Fermi- 
or Bose-type state. The model of this kind is relevant to 
systems of elementary particles which have mutual super- 
symmetrical partners (e.g., a photon and photino, etc.) 
when transitions between these supersymmetrical states 
can occur [|9). With some modifications, this model can 
also be applied to systems of particles with changing fla- 
vor, e.g., quarks, gluons, neutrinos, etc. 

There is a conjectured relation between the particles of 
the ambiguous statistical type and the g-dcformed infi- 
nite statistics. Let and &| are the annihilation and cre- 
ation operators for such a particle. The particle exhibit 
bosonic properties with the probability pb and fernionic 
ones with pf. Thus, a bilinear commutation relation for 
hj and foj is of boson type with the probability p^, of 
fermion type with the probability pj, and the two par- 
ticles are nonidentical with the probability 2pbpj:, that 
is interchange of their positions result in another wave- 
function, i.e., — 6ij. We write 



(pI 



= (.pI 



p})blK 



2pbPf)dij. (2) 



This equation coinsides with Eq. and the deforma- 
tion parameter is q — [pb — pf)/{pb +pf). In the rest of 
this letter we derive statistical distributions for identical 
particles which have ambiguous quantum exclusion prop- 
erties and investigate some thermodynamical properties 
of an ideal gas of such particles. 

A grand partition function for a system of particles 
with properties defined by a stochastic label with a 
known probability distribution is a sum over all possi- 
ble realizations (with a weight factor) of the partition 
functions corresponding to each realization. In each re- 
alization, the system effectively consists of k bosons and 
N— k fermions [N is the total number of particles), while 
the probability of this realization is p^p^^^ . The total 
number of states of the system is 



7 fc = 



Wbj{k)wf^{Nj - k)p^p^ 



(3) 



where the weight factor (j,) 



represents the 



k\(N~k)\ 

number of ways to arrange N identical particles in two 
groups of respectively k and N — k particles each. Here 
Wb{m) and Wf{m) are the numbers of quantum states 



of TO identical particles occupying a group of G states, 
respectively, for bosons and fermions. 



Wb{m) 



(G + TO - 1)! 
to!(G'- 1)! 



and Wf{m) 



G\ 



ml{G — my. 



(4) 



The partial partition function (expression under the 
product sign) can be simplified and rewritten in terms 
of a generalized hypergeomctric function 



Ni 



k=0 



Pf 



G, 



(7 I 



N,\{G,-N, + iy. 



■ 3F2 



-iV„-^^,G,;l,G^-A^ + l;^ 

Pf 



(5a) 



(5b) 



To proceed further, we assume the number of particles 
in a system to be very large, and use Stirling approx- 
imation for the factorials and Laplace's approximation 
method to evaluate the sum. It is enough to keep the 
leading term, only. Then one can write Eq. (|^) as follows 



where /cqi is the solution of the equation 



«0j 



G j -\- k\ 



G-j - Nj + fcoj J Pf 



^ = 1. 



(6) 



(7) 



Thus one can infer that the partition function, although 
defined by all realizations, has its major contribution 
from that realization in which exactly fcg bosons and 
N — ko fermions effectively exist, where kg is defined by 
the probability ratio Pb/Pf alone. (Note, it is not a mix- 
ture of species, there is only one physically existing spe- 
sies.) The entropy of the system is, as usual, S = \nW: 

S ~ ^ Gj^Xj \ii{pb/pf) + Uj Inpf + {xj + 1) lii{xj + 1) 



+ rij Inrij — (1 — + Xj) ln(l — rij + Xj) 



2 [xj In Xj 



Xj)lii{nj - Xj)]j, 



(8) 



where rij = Nj/Gj is the occupation number and Xj — 
koj I Gj . Other thermodynamic functions follow straight- 
forwardly. The most probable distribution subject to the 
constraints that the total number of particles and the to- 
tal energy of the system be conserved, is determined by 
the condition 



d 



(9) 
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From this equation and Eqs. (H), we arrive at 



-Pf = 



(10) 



where p = exp{(ej — i.i)/T}, fi = —aT is the chemical 
potential, and T = 1/( 3 is the temperature of the gas. 
Equations and (10) define the occupation number 
n(ej) as a function of energy. Upon simple mathematical 
manipulations, we obtain 



nj{p + S) — S 
2p + 6 



(11) 



and 



{p + 5){p + pf)(p - pb)n^j - 2p{p + 6)an.j + pS"^ 0, 

(12) 

where S — Pf — Pb and a = pf + pi,. Note, the fraction 
Xj/rij is the number of bosons in the system with respect 
to the total number of particles, i.e., < Xj/nj < 1. The 
last equation can be explicitly solved to obtain 



ap 



ip+Pf){p-Pb) 




(52 {p+pf){p- Pb) 



Pip + S) 



(13) 



Here we omit the negative sign of the root, because it 
does not satisfy [together with Eq. (|ll|)] the condition 
< Xj/rij < 1. In order to Uj be positive number for all 
values of ej , the chemical potential should not exceed its 
maximum value Pmax = —Thipb. Eq. ( p^ is a general- 
ized energy distribution for the class of particles obeying 
the ambiguous statistics as a function of two parameters 
Pb and p f which define the deviation from "primary" Bose 
or Fermi statistics. The generalized distribution recovers 
Bose-Einstein and Fcrmi-Dirac ones in the limiting cases 



Pb = l,p/ = and Pb = 0,Pf = 1, respectively. The 
case Pb = Pf = a/2 is that of the quantum Boltzmann 
statistics since the deformation parameter q — 0. In this 



^'1 



(14) 



which is a quantum analog of the Boltzmann distribution. 
It is remarkable that although particles can, in principle, 
be distinguished by their internal states (they have an 
infinite number of internal degrees of freedom), the oc- 
cupation number of these states is also energy and tem- 
perature dependent. Thus, the particles, in fact, are not 
completely distinguishable. Hence, some trend towards 
the familiar statistical (and thermodynamical) properties 
of identical particles may be discerned. It is also inter- 
esting that Eq. (|lj) reduces to the classical Boltzmann 
distribution ~ p~^ for a weakly interacting gas, tr — > 
(remember, particles do not "feel" each other with the 
probability I — pb — Pf ~ 1 — a). The factor 2a is not 
significant since it just renormalizes p. 

All thermodynamic properties can be derived straight- 
forwardly 1^^. The chemical potential /z is defined im- 
plicitly by the equation for the total particle number 



TV: 



V2n^h^ Jo 



^ n(e) de, 



(15) 



where V is the volume of the gas, m is the particle mass, 
h is the Plank's constant. Then the equation of state can 
be found in a parametric form from the thermodynamic 
potential H, = ~PV, 



n = - 



2 V-n?!^ 
^V2TT^h^ J a 



£3/2 n(e) de, 



(16) 



In the classical Boltzmann limit exp{p/T} <ti 1 the equa- 
tion of state pOl] expanded to second order is 



{a + 2,/mj) 2 y(mr)3/2 



((52 +PbPf) 

a + 2^/p^) 



^^VPbPJ 



167r3 N^h'^ 



(17) 



There is an effective attraction between particles of the 
gas when pb > Pf and effective repulsion when pb < pf 
(the second term overcomes the last one), as expected. 
In the case of the quantum Boltzmann statistics, (5 = 0, 
the second term vanishes, but a residual attraction still 
exists (the last quadratic term). 

As was mentioned above, extremal black holes are 
shown to obey the infinite statistics with the deforma- 
tion parameter q = |l^. Let's consider a ("gedanken") 
gas of charged, nonrotating, extremal black holes, and 
assume their charges are of the same sign. Then, by def- 
inition, M2 = (52 (with M and Q being the mass and 



charge of a black hole) . In the limit of large black hole 
separation (i.e., low-density, ideal gas approximation, no 
relativistic effects), gravitational attraction of "particles" 
completely cancels electrostatic repulsion. Thus, the sys- 
tem at hand is a gas of noninteracting particles (neu- 
trals). The thermodynamical properties of such a gas 
are governed by the particle statistics properties, alone. 
According to Eq. (0) (with pb = pf = a/2,S = 0), the 
nonrotating, extremal black holes will experience weak 
statistical attraction. Hence, one may expect that black 
holes will form clusters, for instance, the ultimate size 
of which is controlled by the gas temperature (i.e., the 
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velocity dispersion of black holes) and completely inde- 
pendent of any black hole parameters (e.g., their masses 
and charges). 

To summarize, we introduced a new class of parti- 
cles which may fluctuate between Bose- and Fermi-type 
statistics or may have uncertainity in their statistics. A 
generalized distribution function is derived. For a partic- 
ular case of the quantum Boltzmann statistics, the dis- 
tribution function (i.e., occupation numbers) is different 
from the classical Boltzmann case. An equation of state 
in the classical Boltzmann limit is derived. The relation 
of this type of statistics to the existing generalizations 
of Bose and Fermi statistics has been ascertained. The 
implication of these results obtained to the ensemble of 
extremal black holes is discussed. 
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